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The following result was recently stated by Oguntuase and Imoru 1,
Theorem 2.1 :
1 1 1Statement A. Let 0 a b , p 1,   1 , f	 0, r 1,p q r
b pŽ .and 0 H f t dt . Then the inequalitya
p
x1b b pf t dt dx C f t dt 1Ž . Ž . Ž .H H HŽ11 r .ž /xa a a
holds where
Ž .11r pŽ .11r p Ž .1 11r q1 a
Ž11 r . pC q 1 1 .ž /ž /r b
Ž .Unfortunately, the inequality 1 does not hold for all choices of the
parameters and functions assumed in Theorem A.
Counterexample. Take a 0.5, b , p q 4, r 2, and the func-
tion f defined by
x14 , x	 1f x Ž . ½ 0, x 1,
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1where 0  . We note that2
 1b p 14f t dt t dt  .Ž .H H 4a 1
Thus, the conditions of Theorem A are satisfied and also the right hand
Ž .side of 1 is finite. But
p 4x  x1b 14 2f t dt dx t dt x dxŽ .H H H HŽ11 r . ž /ž /xa a 1 1
1 434 2 x  1 x dxŽ .H43 1 Ž .4

14
 x dx .H
1
Ž .This shows that the left hand side of 1 is infinite and consequently the
Žinequality does not hold. In the last estimate the sign A
 B means that
.A	 CB for some C 0.
A slight modification of the same Counterexample shows that also the
Ž  Ž ..following statement see 1, Theorem 2.3 ii is false:
1 1 1 1Ž .Statement B. Let s	 1 p 1,   1 , f	 0, r 1, andr p q r
 sŽ11 r . p pŽ .0 H x f x dx . Then the inequality0
p
 x 
s sŽ11 r . p px f t dt dx C t f t dt 2Ž . Ž . Ž .H H Hž /0 0 0
holds where
Ž .11r p1Ž11 r . pq 1Ž .r
C .1 1s 1 p 1 q 1Ž . Ž .r r
 Remark. It is noted and also claimed by Oguntuase and Imoru 1 that
Ž . Ž .their Theorem 2.3 ii is a particular case of Theorem 2.3 i . Consequently,
Ž .Theorem 2.3 i is also not true in general.
Ž . Ž .Remark. The inequalities of the types 1 and 2 are, in fact, special
cases of the well known modern form of Hardy’s inequality
1qq 1pxb b pf t dt w x dx  C f x  x dx , 3Ž . Ž . Ž . Ž . Ž .H H Hž / ž /ž /a a a
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Ž .where w and  are weight functions on a, b . Such inequalities have been
extensively studied during the last decades and, in particular, necessary
Ž .and sufficient conditions for 3 to hold are known both for the case
Ž  0 p q  and the case q p see, e.g., the book 2 and the refer-
.ences given there . Here we just mention the following special case of such
 results; see 2, cf. Examples 6.7, 6.9, and Remark 1.11 :
PROPOSITION 1. Let 1 p q ,  ,  R, and f be a non-negatie
function.
Ž .a If 0 a , then the inequality
1qq 1p
 x 
 p f t dt x dx  C f x x dx 4Ž . Ž . Ž .H H Hž / ž /ž /a a a
holds for a finite constant C 0 if and only if either
q q
 p 1,     1
p p
or
	 p 1, 1,
pwhere p .p 1
Ž .b If a 0, then the inequality
1qq 1p
 x 
 p f t dt x dx  C f x x dxŽ . Ž .H H Hž / ž /ž /0 0 0
holds for a finite constant C 0 if and only if
q q
 p 1,     1.
p p
Ž .EXAMPLE. Let p q 1 and  0. Then the inequality 4 reduces
to
p
 x 
 p pf t dt x dx C f x dxŽ . Ž .H H Hž /a a a
Ž .which, according to Proposition 1 a , holds if and only if p. But in
Statement A, we have
1 p
 1 pp p,ž /r r
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which means that this statement, in fact, does not hold for any p 1. The
same can be said concerning Statement B.
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